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Abstract
Motivated by a recent experiment by Yacoby et al. [preprint, 1994], we cal-
culate magnitude and phase α of the transmission amplitude through a quan-
tum dot. We work in the Coulomb blockade regime, assume the electrons not
to interact, and consider tunneling through isolated resonances. Assuming a
non–resonant background, we find that α increases by 2pi over each resonance,
with a sharp rise by pi over an energy interval much smaller than the thermal
width. This is consistent with the experimental data. Our assumptions can
be tested by further experiments.
73.20.Dx, 73.40Gk, 73.50.Bk
Typeset using REVTEX
1
A direct measurement of the phase of the amplitude for transmission through a quantum
dot has recently been reported for the first time [1]. The Coulomb repulsion of the electrons
in the dot causes a sequence of isolated resonances to appear in the transmission coefficient
as the voltage on the dot is changed. Each resonance corresponds to a different number of
electrons on the dot. In the experiment [1], the phase α of the transmission amplitude was
measured in several of these resonances. This was done using an Aharanov–Bohm (AB)
type interference experiment with a quantum dot embedded in the left of the two arms of
an AB ring. The ring was threaded by a magnetic flux Φ, and the flux dependence of the
transmission through the ring was measured. It was found (i) that the energy dependence
of the phase α is the same in all resonances studied, and that (ii) in each resonance, the
phase α increases sharply by ≈ pi. The increase occurs over an energy interval much smaller
than the width of the resonance. Both observations seemed incompatible with the model of
non–interacting electrons [1].
It is the purpose of this paper to present a theoretical framework for the analysis of
this and similar future experiments, and to analyse the data of Ref. [1] in this framework.
To describe the transmission through the two–arm AB device, we assume the electrons to
move independently. As a formal framework, we use the Landauer–Bu¨ttiker approach [2].
We allow for the existence of several channels in either arm. Discussing the results of Ref.
[1] in this framework, we can (i) easily explain the first observation. We also find (ii) an
increase by pi of the phase over an energy interval which is small compared to the width
of the resonance. The steepness of the increase depends on the values of the resonance
and background parameters. With a suitable choice for these values, we can reproduce the
observed behavior. Our interpretation can be tested by further experiments.
The periodic conductance oscillations of quantum dots coupled to external leads by
tunnel barriers have been explained in terms of the Coulomb blockade model [3]. With C the
mutual capacitance between the dot and the rest of the system, addition of a single electron
to the dot requires a charging energy e2/C. At temperatures T so small that e2/C ≫
kBT , and for sufficiently small driving voltages, electrons cannot enter the dot, and the
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conductance is suppressed. This Coulomb blockade can be removed by applying a plunger
voltage to the dot. The charging energy then varies periodically with this voltage, leading
to periodic peaks in the conductance. For sufficiently small dots made of semiconductors,
this classical picture needs to be modified because of the discreteness of the energy spectrum
within the dot [4]. For the dot used in Ref. [1], the average level spacing ∆E is roughly similar
to e2/C, and ∆E must be taken into account in the estimate for the period of the conductance
peaks. The fact that ∆E ≫ kBT suggests that the predominant conduction mechanism is
resonant tunneling through a single electron level in the quantum dot. Therefore, we refer
to the conductance peaks as to resonances. The typical intrinsic width Γ of each resonance
is much smaller than both the temperature kBT and the average level spacing ∆E.
In the actual experiment, the current through the AB ring was measured for a fixed flux
Φ as a function of the plunger voltage. On top of a large background due to transmission
through the right arm, a series of well–separated resonances was observed. At several reso-
nances, and for several values of the plunger voltage in each resonance, the magnetic flux was
varied. The conductance was found to have a coherent component oscillating periodically
with Φ/Φ0 where Φ0 = h/e is the elementary flux quantum. The change of phase of these
oscillations as the plunger voltage passes through a resonance defines the energy dependence
of the phase α of the transmission amplitude. It was found that α changes by multiples of
2pi between subsequent resonances, and that at each resonance, α increases sharply by pi on
a scale which is small compared to the thermal width of the resonance.
To model this experiment, we consider an AB ring coupled to two ideally conducting
leads. A quantum dot embedded in the left arm is separated from the ring by two tunnel
barriers. The electrons are assumed not to interact. Both the ring and the dot are allowed to
contain some disorder. In linear response theory, the dimensionless conductance g = (h/e2)G
of the ring can be calculated from the multi–channel Landauer formula [2]
g = 2
∫
dE
(
−
∂f
∂E
)
N∑
a,b=1
|tab(E)|
2. (1)
Here, tab(E) is the transmission amplitude through the ring, taken at energy E, for an
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electron entering the ring via channel a in one lead, and leaving it via channel b in the other
lead. The total number of channels in either lead is denoted by N . The derivative of the
Fermi function f is given by −(∂f/∂E) = (4kBT )
−1 cosh−2((E−EF )/2kBT ), and EF is the
Fermi energy in the leads. A factor two accounts for the spin degeneracy of the electron.
The transmission amplitude tab through the ring is the coherent sum of the transmission
amplitudes tLab and t
R
ab through the left arm and the right arm, respectively, tab = t
L
ab +
exp(2ipiΦ/Φ0)t
R
ab. We model the quantum dot as having one single–particle resonance at
energy E0 and write t
L
ab in the form
tLab = t
L0
ab − it
L
a
Γ
E − E0 + iΓ/2
tLb , (2)
where Γ denotes the intrinsic width of the resonance, and where tL0ab accounts for non–
resonant transmission through the dot outside the domain of the single–particle resonances.
(Possible mechanisms leading to non-zero tL0ab are for example a small ballistic contribution
due to incomplete pinching of the quatum dot or the accumulated tunneling transmission
due to the presence of far away resonances). The form of the resonance term follows trivially
from the Breit–Wigner multi–channel single–resonance amplitude, and from the assumption
that further amplitudes are needed to describe the transmission of electrons from channel a
to the dot, and from the dot to channel b. The complex amplitudes tRab, t
L0
ab , t
L
a and t
L
b vary
slowly with energy and are taken to be constant over the observed width of the resonance.
Inserting the form (2) of tab into the Landauer formula (1), and omitting the background
terms which are both energy and flux independent, we find for the remaining contribution
g0 to the conductance,
g0 = 2
∫
dE
(
−
∂f
∂E
)
N∑
a,b=1
{
|tLa |
2|tLb |
2
Γ2
(E −E0)2 + Γ2/4
+
(
itL0ab t
L∗
a t
L∗
b
Γ
E −E0 − iΓ/2
+ c.c.
)
+
(
tL0∗ab t
R
ab exp(2ipi
Φ
Φ0
) + c.c.
)
+
(
itRabt
L∗
a t
L∗
b
Γ
E − E0 − iΓ/2
exp(2ipi
Φ
Φ0
) + c.c.
)}
. (3)
Of the four terms on the right–hand side of Eq. (3), the first one is the absolute square of
the resonance term and has the usual Breit–Wigner form. The three other terms describe
the interference between pairs of the following amplitudes: The resonance amplitude, the
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amplitude tL0ab for non–resonant transmission through the left arm, and the amplitude t
R
ab for
transmission through the right arm. Only the third and fourth terms depend on the applied
magnetic flux and are responsible for AB oscillations. We note that the two interference
terms which contain the resonance amplitude dacay like 1/|E−E0| and dominate the Breit–
Wigner resonance (the first term in Eq. (3)) for |E − E0| ≫ Γ. This broadening of the
resonance due to interference will be seen to persist after temperature–averaging.
To estimate the relative weight of the different contributions to Eq. (3) in the experiment,
we note that the resistance of the left arm containing the dot exceeds that of the right arm
by a large factor. This statement only reflects the fact that even at a resonance, the electrons
are required to tunnel through the dot. Outside the resonance, transmission through the left
arm is further inhibited. Therefore, we expect the ratio |tRab/t
L0
ab | to be significantly larger
than |tRab/t
L
a t
L
b |. Moreover, the first term in Eq. (3) is the square of a tunnel amplitude
and should therefore be suppressed in comparison with the fourth term. On the other
hand, all interference contributions are strongly supressed by thermal averaging and/or by
inelastic scattering and by the summation over the N channels. (This is why for the bare
ring without the dot, the oscillating part of the resistance comprises only about 10 per cent
of the average resistance). Taking account of all these arguments, we expect the first and
the fourth terms in Eq. (3) to be roughly of the same order. Both should be much larger
than the third term which in turn should dominate the second term. This second term is,
therefore, neglected. We do keep, however, the term containing the interference with the
non–resonant transmission amplitude tL0ab . This term will be seen to determine the steepness
of the slope of the measured phase α. After summing over channels, g0 can be written in
the form
g0 =
∫
dE
(
−
∂f
∂E
){
x
Γ2
(E − E0)2 + Γ2/4
+ y cos(2pi
Φ
Φ0
+ ξ0)+
z sin δ(E) sin(2pi
Φ
Φ0
+ ξR − δ(E))
}
, (4)
with positive coefficients x, y, z and real phase shifts ξ0, ξR. The resonance phase δ(E) is
defined by
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exp(iδ) = −
E − E0 − iΓ/2
|E − E0 − iΓ/2|
(5)
and takes the value pi/2 at E = E0 while approaching 0 for E → −∞ and pi for E → ∞,
respectively. Averaging over disorder can be done by averaging the phase shifts ξ0 and ξR
over some suitable interval. With a suitable redefinition of the quantities y, z, ξo and ξR,
this procedure leaves the form of Eq. (4) unchanged.
In the experimentally relevant regime Γ ≪ kBT , the energy average over the Breit–
Wigner term yields a thermally broadened resonance ∝ cosh−2((EF − E0)/2kBT ). The
average over the last term in Eq. (4) can easily be done numerically. The result has the form
z(Γ/kBT )B(EF − E0) sin(2piΦ/Φ0 + ξR − β(EF − E0)). Both the amplitude B(EF − E0)
and the phase β(EF − E0) are plotted in Fig. 1 versus the argument (EF − E0)/kBT .
Both quantities vary on a scale defined by the thermal energy kBT . The amplitude B
attains its maximum value at EF = E0 and vanishes with a power–law dependence for
|EF −E0| ≫ kBT . Comparing this with the exponential decay of the temperature–averaged
Breit–Wigner resonance term, we see that the dominance of the interference term outside
the resonance persists after temperature–averaging. At EF = E0 the phase β goes through
pi/2. We note that in the absence of non–resonant transmission, i.e. for tL0ab = 0, it is the
phase β which would be measured as the phase α in the AB experiment. Clearly, the rise
of β in the resonance region is not by far as steep as is observed experimentally (compare
Fig. 2 for the experimental data). Collecting our results, we find for g0
g0 = x
piΓ
2kBT
cosh−2
(
E0 − EF
2kBT
)
+ y cos(2pi
Φ
Φ0
+ ξ0)
+z
Γ
kBT
B(EF − E0) sin
(
2pi
Φ
Φ0
+ ξR − β(EF −E0)
)
. (6)
From Eq. (6), it is immediately obvious that the measured phase α must change by 2pi as the
energy sweeps through a resonance, in keeping with the first experimental finding. Indeed,
far below and far above the resonance, the first and third terms of Eq. (6) do not contribute
to the current, and the AB phase is there determined by the energy–independent second term
alone. To determine the energy dependence of the measured phase α explicitly, we write the
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sum of the two Φ-dependent terms in Eq. (6) in the form C(EF − E0) cos(2piΦ/Φ0 + ξ0 +
α(EF −E0)). From Eq. (6) we find
tanα(EF − E0) = −
z(Γ/kBT )B(EF − E0) cos [ξR − ξ0 − β(EF −E0)]
y + z(Γ/kBT )B(EF − E0) sin [ξR − ξ0 − β(EF −E0)]
(7)
To discuss the energy dependence of α qualitatively, we focus attention on the denominator
in Eq. (7). From our previous discussion, we expect that z ≫ y. On the other hand, we
also have kBT ≫ Γ, so that zΓ/(kBTy) may be of order unity: Averaging over temperature
reduces the interference term involving the resonance amplitude to a scale which may be
comparable to the interference term involving the non–resonant transmission amplitude. In
this case, the denominator may vanish at or near the resonance peak (this depends on the
background phase ξR − ξ0). Then, α becomes a steep function of energy. We demonstrate
this possibility in Fig. 2 which shows α(EF − E0) calculated for the following choice of
parameters. We use Γ/kBT = 0.025 as determined from experiment, a small non–resonant
transmission amplitude with y/z = 0.005, and ξR = ξ0 = −pi/2. For comparison, we also
show experimental data for two different conductance resonances (crosses and hexagons),
and the phase β(EF − E0) (dashed line) which would be measured in the absence of non–
resonant transmission through the left arm. The insert shows the phase α over a larger
interval. Our result reproduces the observed sharp increase on a scale much smaller than
kBT . We emphasize that the behavior of α as shown in Fig. 2 rests on the assumption that
ξ0 ≈ ξR. It changes qualitatively when the difference between the two background phases is
close to pi.
The previous discussion rests on the assumption that the Coulomb interaction between
electrons is negligible beyond the Coulomb blockade effect. We have generalized our model
by including the interaction between electrons in the dot in the mean–field approximation.
The structure of the formulas given above remains unchanged.
In summary, we have shown that the observed behavior of the phase α of the transmis-
sion amplitude through a quantum dot can be explained within the model of independent
electrons. Our explanation depends crucially on the existence of a small but non–vanishing
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non–resonant transmission amplitude through the dot. Our model can be tested experi-
mentally, for instance by a measurement of the phase and magnitude of the conductance
between resonances. Should such a test fail, we would conclude that the experimental result
can definitely not be accounted for in the framework of non–interacting electrons. In this
case, a many–body theory including quantum fluctuations would be required.
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FIGURES
Fig. 1 The amplitude B(EF−E0) (solid line) and the phase β(EF−E0) (dashed line) of the
interference term involving the resonance amplitude, and the transmission amplitude
of the right arm, both as functions of (EF − E0)/kBT .
Fig. 2 The energy dependence of the phase α(EF − E0) + ξ0 of the total transmission
amplitude (solid line) calculated from Eq. (7) with Γ/kBT = 0.025, y/z = 0.005
and ξR = ξ0 = −pi/2. For comparison, the experimentally measured phases for two
different resonances are shown (crosses and hexagons). The dashed line shows the
behavior of α(EF − E0) for y = 0, i.e. in the absence of non–resonant transmission
through the dot. The inset displays α(EF − E0) over a larger interval and shows the
increase by 2pi.
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